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Minimum-Mass Design of a Plate-Like Structure for Specified
Fundamental Frequency

JEAN-LOUIS ARMAND*
Stanford University, Stanford, Calif.

The purpose of this paper is to present a new approach to the problem of the minimum-mass
design of two-dimensional continuous structures which are required to satisfy a constraint
of a dynamic or aeroelastic nature, expressed in the form of one or more partial differential
equations. The minimization of a functional subject to constraints of this form belongs to
a wider class of problems, encountered in the theory of optimal control of systems with dis-
tributed parameters. Classical methods of optimal control theory are here extended to two
dimensions in order to derive the set of necessary conditions for an extremum. They are then
applied to the theoretical case of the minimum-mass design of a simply-supported shear
plate for a given fundamental frequency of vibration under the structural mass assumption.
An equation for the optimal displacement, which is the expression of a general optimality
criterion in structural design due to Prager and rendering the necessary conditions also suf-
ficient, is derived and solved uniquely in closed form for any shape of the plate. Results are
presented for a square and rectangular shape, and for a circular plate. The case of an in-
equality constraint applied to the thickness (minimum thickness) is also examined.

Introduction

THE problem of the minimum-mass design of structures,
with constraints imposed on a free-vibration frequency or

an aeroelastic eigenvalue, has attracted considerable atten-
tion recently.! Several papers published in the last three
years describe different approaches for either continuous or
discrete structures. Among those techniques the use of opti-
mal control theory, suggested by Ashley and Mclntosh1 and
later applied by their students,2-3 proved to be very powerful
in the case of fairly simple continuous systems.

The structures considered up to now have been one-dimen-
sional; that is, the imposed constraints are expressed in the
form of ordinary differential equations in one independent
spatial variable. A beam problem is obviously one-dimen-
sional, and so is a circular plate when the constraint is on a
frequency of vibration whose corresponding mode is axially
symmetrical.4

Problems of structural optimization in which the con-
straints are in the form of partial differential equations have
hardly been investigated heretofore. The only tentative ef-
forts known to the author are those of Johnson5 and Haug,6
who investigated independently the problem of the optimiza-
tion of a plate for a fixed first frequency of vibration. Both
make use of the method of discretization of the structure;
unfortunately, it is therefore impossible to give an estimate of
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precision which would guarantee the validity of their optimal
solution. Moreover, Johnson's square plate is divided into
25 elements, the symmetry of the problem further reducing
the accuracy to only 6 elements. Haug, on the other hand,
presents an adaptation of the powerful method of steepest
descent, developed in the numerical solution of control prob-
lems and applied to a two-dimensional system. This ap-
proach seems, by its generality, very promising and should
lead to the numerical solution of numerous interesting
examples.

The purpose of this paper is to extend the optimal control
theory technique to a simple two-dimensional structural
optimization problem, the minimum-mass design of a simply-
supported rectangular shear plate with a prescribed funda-
mental frequency of free vibration. A closed-form expression
for the thickness distribution is found, and uniqueness of the
optimal solution proven by using an extremely general theo-
rem due to Prager.

1. The Shear Plate: Definition and Analysis

A shear plate is a plate-like structure such that the bending
rigidity for normal loads is negligible. The running load is
thus borne by shear only. For free vibrations, the uniform
plate is analogous to a membrane under constant tension.
The plate is referred to a set of rectangular axes Ox, Oy in the
middle plane. It occupies a simply connected domain D
with a piece wise smooth boundary c)Z).

The reference structure is assumed to be made up of two
parts with drastically different structural properties: a con-
stant fraction 62 is nonstructural, while the remaining part of
the mass, labeled structural, is originally in the proportion 61.
H being a reference thickness having the dimension of a
length, the thickness at each point is of the form Hh(x,y),
h(x,y) being a nondimensional quantity function of the co-
ordinates of the point and expressed as:

h(x,y) 62

where

(D

(2)
Note that the non-structural mass is not under the control of
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hrxz dy

Fig. 1 Shear forces acting on the sides of an infinitesimal
element of plate.

the designer. The object is to minimize the total mass by
acting on the virtual thickness h* which is effective in deter-
mining shear rigidity.

The consideration of the forces acting upon an infinitesimal
element of the plate, with sides parallel to the coordinate
axes (Fig. 1), leads to the equilibrium equation:

where q is the intensity of the continuously distributed nor-
mal load. The classical stress-strain relations link the shear-
ing stress components acting on the sides normal to Ox and
Oy, rxz and rvz, respectively, to the corresponding shearing
strain components, yxz and yyz, themselves related to the nor-
mal displacement wt as follows:

Trz = Gyxz = G&w/dx
TV* = Gyyz

(4)

G being the modulus of elasticity in shear.
The equilibrium equation is then rewritten:

(d/ete)(A*du>/aaO + $/&y)(h*&w/&y) + q/GH = 0 (5)
Free vibrations of the shear plate are governed by the equa-

tion

= 0 (6)

in which p represents the density of the material of the plate.
For a simply-supported rectangular plate, with uniform thick-
ness H and sides of length a and 6, respectively, the funda-
mental frequency of vibration is found to be

co/ = 7r((r/p)1/2[(l/a2) + (1/62)]1/2 (7)

For a simply-supported circular plate with uniform thick-
ness and radius a, the fundamental frequency is

w/ = 2.4048(£/pa2)1/2

corresponding to an axisymmetrical mode.
(8)

In order to find the optimal thickness distribution of the
simply-supported plate of minimum weight occupying a do-
main D and having a given fundamental frequency of vibra-
tion co/, one has to minimize the surface integral:

/ = ffD h*(x,y)dxdy (9)

with the partial differential equation constraint

+ 82)w = 0 (lOa)

(lOb)

(p/G) eo/*(Si&*

and the boundary condition

w = 0 along 57)

2. Necessary Conditions for the Stationary Value of a
Functional under Constraints Expressed as Partial Dif-
ferential Equations

A problem of the type above is encountered in the theory of
optimal control of systems with distributed parameters,
which extends the classical optimal control theory to situa-
tions where the system is distributed over not only time but
some spatial domain as well. This is a very new and broad
field of investigation.7 Let us derive the necessary condi-
tions for an extremal, for a broad class of problems as stated
below.

In a closed planar domain Z), with a piecewise smooth
boundary dD represented in parametric form relative to a
set of rectangular coordinates (x,y) by the equations

x = a(ff)
y = PW (H)

where a and ft are continuous, piecewise differentiate func-
tions of the parameter a, one considers a system of first-order
partial differential equations of the form:

dzt/dx = Zt-(z,u;x,?y)
dzi/dz/ = Yi(z,u.;x}y) i = 1,2, . . . , n (12a)

It is also assumed that the first m < n functions Zi are pre-
scribed along portions 2 of 5D:

1,2, , m (12b)

For a system governed by a set of equations in the form
(12a), the vector function z = (01,22, . . . , 2W) of the arguments
x,y describes the mechanical system itself and the 2* play the
role of state variables. The vector function u = (ui,u%, . . . ,
Up) of the same arguments represents the distributed controls.

The optimization problem is now stated as follows: in a
suitable class of functions determine the state variables z and
control variables u so as to minimize the functional

J = f f n (13)

where ( and L are given continuous and at least once differ-
entiable functions of each of their arguments, subject to side
conditions (12a) and (12b).

The above is a problem of the Mayer-Bolza type in two
dimensions. It may be complicated by considering boundary
controls on movable boundaries and/or constraints on the
state or control variables. A treatment of this optimization
problem, for a broad class of constraints, is found in Ref. 8.
Our approach to the simplest problem already described will,
however, be different.

Following the methods of optimal control theory in one
single variable,9 we adjoin the system of partial differential
Eqs. 12a to J with the help of vector multiplier functions
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J = /5z> t(z]<r)d(r + ///> {L(z,n;x,y) + W(x,y) X
[X(z,u;z,?/) - dz/dz] + vT(x,y)[Y(z,U',x,y) - dz/dt/]} X

dxdy (14)

We define a scalar function, the Hamiltonian, as
H(z,uyK,y) = L(z,nyc,y) + W(x,y)X(z,\i',x,y) +

VT(x,y)?(*,*P,y) (15)
J is rewritten then as:

.7 = /&/) ^(z;<r)dcr + f f D {H(z,uyc,y) -

We now add and subtract the quantity:

[(dWfoO + (^V^)lz
to the second integrand. J takes the form:

J = f*D t(z;<r)d<r + //

Now, by the use of Green's formula,1 the third integral
becomes a line integral as follows:

(16)

(17)

z dxdy (18)

Now consider the variation in J due to variations in the
control vector u(x,y) :

Then the integral (16) takes the form:

S
and / becomes:

5J
{(d///dz

(19)

We now choose the multiplier functions *^(x,y) and y(x,y)
to cause the coefficients of 5z in the previous surface integral
to vanish:

dW/dx + 6pr/cty = — (d#/dz) (20a)

Along the portions of 5Z> where the z* are prescribed

dzi = 0, i - 1,2, . . . , m

Along the other portions and for the z,-, j = m + 1, . . . , n
which are not at all prescribed, we ask the relations

lr/3'(<r) — |t*V(0-) = — (d£/dz) (20b)

to hold along dD: they serve as boundary conditions for
the system (20a).

Equation (19) then becomes:

&J = ///>

J It is the counterpart in two dimensions of the classical integra-
tion by parts in one dimension.

For an extremum, 5J must be zero for arbitrary
this can only happen if:

- 0 (21)
Equations (21) are analogous to the control equations de-

rived in one-dimensional optimal control theory.
Equations (20a, 20b and 21) are the Euler-Lagrange equa-

tions of the classical calculus of variations, for two inde-
pendent variables. They form a set of necessary conditions
for an optimum.

In summary, to find a control vector function u(x,y) that
produces a stationary value of the performance index:

t(z;cr)d<r + ffD (13)
we must solve the following system of partial differential
equations in D:

(12a)

(20a)
(21)

(15)

0

where the Hamiltonian H is defined as:

4-

The boundary conditions are provided by Eq, (12b),
together with the transversality conditions

\tp'(<r) - ma'(<r) = -d^/d^ (20b)

which hold along the portions of 5D where z* is not prescribed.

3. Application to the Shear-Plate

For the problem at hand, the constraint (10) is broken
down into a system of first-order partial differential equations
in the form (12a), as follows^

d^/di/ = -M! - k*(h* + 52/51)0! (22a)

Here w has been renamed ^i, and the constant k2 is defined as

k* - (p/OJw,^!

The boundary condition is

zi = 0 on dD (22b)

The Hamiltonian is as follows

H = h* + Xi22//& + ^2^1 + X3w3 + Mi^sA + ^2^2 +
/is[-t*i - ^2(/t* + VW«il (23)

and the necessary conditions are

dAi/dz + d/ii/ch/ - kWh* + 52/50

= 0

X2 - 0, M2 = 0, X3 - 0 (24a)

§ Any partial differential equation of order superior to one or
any system of such equations may be written in the form (12),
with the number of dependent variables increased as necessary.
A general method to achieve such a decomposition, by no means
unique, is given in Ref. 10.
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or

Fig. 2 Solution of the partial differential Eq. (26) for a
general domain Di definition and interpretation of the

different quantities introduced.

The boundary conditions read

*i = 0

X2jff'(cr) - M2«'(o-) = 0

X3/3'(<7) - Msa'M = O o n d D
and reduce to, in light of Eq. (24a)

*i = 0

0 on oD

(24b)

(24c)

The first three equations of the system (24a) are very
similar to the first two and the last of the system (22a).
Previous experience in one- dimensional cases2 leads to the
assumptions

i/c2) (25)Xi = z2/c2, MI = *3/c2,
where c2 is any constant.
These are compatible with the boundary conditions

X2 0 ondD
w is then found to be the solution of the nonlinear, first-
order partial differential equation1

(26a)
together with the boundary condition

0 ondDw (26b)
The form of Eq. (26a) suggests the introduction of the

auxiliary function Q(xyy) defined by
(c2 cosO(x,y)

(27)

The compatibility conditions require 6 to be a solution of the
linear first-order partial differential equation

cos0 — -f sin0 — = 0 (28)ox oy

The characteristics, given by the differential system
cfc/cos0 = dy/sind = d0/0

are straight lines. On the boundary, w has the constant
value 0; therefore

dw s= (<)w/dx)dx -f (ow/dy)dy = 0

^ A very ingenious change of dependent variable, reducing
Eq. (26a) to the equation pz -f- q2 = 1 encountered in optics and
also in the theory of plastic torsion of a cylindrical beam, was
suggested by E. O. A. Naumann, Convair Div. of General
Dynamics, whose correspondence is gratefully acknowledged.

cosOdx -f sinOdy = 0

This shows that 6 is nothing but the angle that the normal
to the contour d£>, oriented outwards, makes with the x axis.
The characteristics are therefore the normals to this contour
(Fig. 2). At any point P interior to the domain

dw = (c2

= (c2

+ smBdy)

R being the distance from P to the boundary oD.
solution to Eqs. (26a) and (26b) is then simply

w = — siuh(kR),
K

6 = =±=1

The

(29)

For a given contour, there are usually many normals that
can be drawn from a point interior to the domain it encloses
(Fig. 2). Thus the question arises as to which normal must
be considered to define the distance R. It seems logical,
and turns out to be the only solution for a rectangular do-
main, to take for R the shortest distance from P to the
boundary dZ).

Equation (26a) expresses the conservation of the so-called
Lagrangian density which was pointed out for the optimal
frequency design of one-dimensional structures by Ashley
and Mclntosh1 and, for various design criteria by Prager
and Taylor,11 who applied it to sandwich structures.
Prager12-13 proved that, for a very general class of structural
optimization problems, of which the optimal frequency de-
sign of a plate with prescribed vanishing displacement along
the edge is a particular case,10 this conservation condition
is a sufficient one for an extremum. Equation (26) is there-
fore necessary and sufficient, and the optimal displacement
given by Eq. (29) is therefore found to be unique. The
corresponding thickness distribution is uniquely found in
the following sections for the case of a rectangular and a
circular shape, respectively, thus proving the uniqueness of
the solution to the optimization problem.

4. Optimization of a Rectangular Shear Plate

The aforementioned result is valid for any domain D under
the general assumptions outlined previously. In the case of a
rectangular plate with sides of length a and b (a > 6), the opti-
mal displacement has a different analytical expression in each
of the four regions defined in Fig. 3, whose boundaries are
the loci of the points from where two normals of equal length
can be drawn to the contour. The computation of the
optimal thickness distribution is straightforward and re-

W*^- sinh[k(b-y)]

W«-^sinh[k(o-x)]

W» -

Fig. 3 The division of the rectangular plate into four re-
gions, and the corresponding expressions for the optimal

displacement w.
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Fig. 4 Optimal configuration of a square simply-sup-
ported shear plate.

quires solving an ordinary differential equation in each of
the above domains: in Eq. (1)

h(x,y) = X {1 + [cosh2(M/cosh2(M]} (30)
in the portion of Eq. (2) such that 0 < x < b/2 and a — b/2
< x < a:

h(x,y) - X [cosh2(^)/cosh2(%)]} (31)
in the remaining portion of Eq. (2) such that 6/2 < x < a — •
b/2:

h(x,y) X {1 + [cosh2(W2)/cosh2(%)]} (32)
The expression for h in Eq. (3) is obtained from that in Eq.
(1) by changing x into a — x\ in Eq. (4), from that in Eq.
(2), by changing y into b — y.

The optimal mass ratio, defined as the ratio of the mass
of the optimal structure to that of a uniform structure with
constant thickness H of the same frequency, is found to be

M - * {T
<33)

The contour lines (lines of constant thickness), corresponding

h=l.3

.
Fig. 5 Optimal configuration of a rectangular simply-

supported shear plate (a/b = 1.5).

i.O o / b = l

0/b = CO

1.0

Variation of the optimal mass ratio with 5i for
different values of the ratio a/b.

to the .case where 40% of the mass is initially structural and
thus allowed to vary, are presented in Figs. 4 and 5. These
are drawn, respectively, for a square plate and for a rec-
tangular plate with a/b = 1.5. The optimal non-dimensional
thickness distribution h attains its minimum of 0.6, corre-
sponding to h* = 0, along the lines already described in Fig.
3. A thickness of 1.73 is attained at the four points middle
of the sides in the case of the square plate. The over-all
mass reductions relative to h* ~ 1 are found to be 14.3%
and 15.9%, respectively; this is an encouraging result in
view of the 60% of the initial mass which is not under the
control of the designer. The variation of the optimal mass
ratio with 5i for different values of the ratio a/b is represented
in Fig. 6.

The optimal distribution found above is unfortunately
not of any practical value, as "hinges" will develop along
those lines where h* is found to vanish. It is therefore very
desirable to impose a constraint hQ on the virtual thickness
h*, which is equivalent to imposing a minimum actual thick-
ness h0 = 6i/i0* + 52.

The general theory of optimization outlined above is easily
extended when constraints on the control variables taking

Fig. 7 Optimal thickness distribution for a simply-sup-
ported square shear plate with a minimum-thickness con-

straint.
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Fig. 8 Optimal thickness distribution for a simply-sup-
ported rectangular shear plate with a minimum-thickness

constraint (a/6 = 1.5).

the form of finite inequalities are present.10 The optimal
configuration found for the two same structures above, in
the case of a virtual thickness constraint of 0.5 representing
an actual constraint of 0.8 on the total thickness h are rep-
resented in Figs. 7 and 8. In the case of the square plate,
84.4% of the plate surface is at the minimum allowed thick-
ness of 0.8. For the rectangular plate, the minimum allowed
thickness is reached on 77.6% of the total area. The ad-
vantages of imposing a constraint are quite obvious, especially
when one considers that the mass savings are only slightly
inferior (14.1% and 15.5%, respectively) and that such
optimal structures come close to practical attainment in cases
where fixed frequency might constitute a meaningful design
criterion.

5. Optimization of a Circular Shear Plate

We now turn our attention to the optimization of a circular
simply-supported shear plate. The optimal thickness dis-
tribution being assumed to be rotation-invariant, i.e., its
expression in polar coordinates to be independent of 6, the
problem might also, as pointed out in the introduction, be
viewed as a one-dimensional one, and solved using the classi-
cal methods of optimal control theory, which will provide
two ways of finding the solution.

In polar coordinates (r,6), an axisymmetric optimal solu-

Fig. 9 Diametral cross section of an optimal circular
simply-supported shear plate for which 40% of the mass is

structural.

l.O

0.8

0.6

0.4

0.2

0.2 0.4 0.6 0.8 1.0

Fig. 10 Variation of the optimal mass ratio with the pro-
portion of structural mass $1 for a simply-supported circu-

lar shear plate.

tion h*W has to satisfy Eq. (10) rewritten as:
(h*w')f + (l/r)h*w' + k*(h* = 0 (34)

where (7) denotes the derivative taken with respect to r.
With the value of the optimal displacement given by Eq.

(29) where R is taken equal to a — r, •
ecw = — sinh[fc(a — r)]
K

(35)

the optimal virtual thickness h* has to satisfy the ordinary
differential equation:

h*' + {- - 2k tanh[fc(a - r)]l h* - k |2 X
• \r J 01

tanh[fc(a - r)] = 0 (36)
For the same reasons than for the rectangular plate (con-

tinuity of the shear), the optimal virtual thickness h* has
to vanish at the center of the plate. The solution is thus
found to be, after some manipulation:

q - r)] - 2kr cosh[2fc(a - r)]^
~

and the optimal thickness distribution is given by:
1

(37)

*
q - r)]

- r)]

We recall that:
k = w/Kp/GJ&l171 = 2.4048[(«1/2/a]

The optimal mass ratio is then equal to:

(38)

M
fa2irhrdrJo

f t The superscript (*) has the same significance as before,
the actual thickness being h = 8ih* -f 52, with 5i + 52 = 1.
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and, after some easy integrations, found to be:
M = (62/2) X [1 + sinh2(fca)//c2a2] (39)

As expected, the ratio is equal to zero when all the mass
is structural (61 = 1), and tends to the value 1 when all the
mass is nonstructural (5i = 0), and therefore not at the con-
trol of the designer.

A diametral cross section of the optimal plate correspond-
ing to the case where 60% of the mass is nonstructural is
represented in Fig. 9. The mass saving then obtained is
equal to 8.6%. The variation of the optimal mass ratio
with the proportion 5i of structural mass in the reference
structure is plotted in Fig. 10: note that the savings ob-
tained for a circular plate are slightly less important than
those obtained in the case of a rectangular plate, as can be
seen by comparison of the curves represented in Fig. 6 to the
one of this figure.

One easily verifies10 that classical one-dimensional op-
timization methods applied to this particular axisymmetrical
problem yield the above solution. The much more challeng-
ing example of a plate with bending rigidity is now under
study by similar methods, as a first step towards the mini-
mum-mass design of a plate undergoing flutter for a given
flutter speed.
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